We replicate Rogoff (2010a and 2010b) and find that coding errors, selective exclusion of available data, and unconventional weighting of summary statistics lead to serious errors that inaccurately represent the relationship between public debt and GDP growth among 20 advanced economies in the post-war period. Our finding is that when properly calculated, the average real GDP growth rate for countries carrying a public-debt-to-GDP ratio of over 90 percent is actually 2.2 percent, not −0.1 percent as published in Reinhart and Rogoff. That is, contrary to RR, average GDP growth at public debt/GDP ratios over 90 percent is not dramatically different than when debt/GDP ratios are lower.
Introduction
In "Growth in Time of Debt," Rogoff (hereafter RR 2010a and 2010b) propose a set of "stylized facts" concerning the relationship between public debt and GDP growth.
RR's "main result is that whereas the link between growth and debt seems relatively weak at 'normal' debt levels, median growth rates for countries with public debt over roughly 90 percent of GDP are about one percent lower than otherwise; (mean) growth rates are several percent lower" (RR 2010a p. 573).
To build the case for a stylized fact, RR stresses the relevance of the relationship to a range of times and places and the robustness of the finding to modest adjustments of the econometric methods and categorizations. The RR methods are non-parametric and appealingly straightforward. RR organizes country-years in four groups by public debt/GDP ratios, 0-30 percent, 30-60 percent, 60-90 percent, and greater than 90 percent. They then compare average real GDP growth rates across the debt/GDP groupings. The straightforward non-parametric method highlights a nonlinear relationship, with effects appearing at levels of public debt around 90 percent of GDP. We present RR's key results on mean real GDP growth from Figure 2 of RR 2010a and Appendix Table 1 of RR 2010b in Table 1 . Table 1 in RR 2010b in fact do not match perfectly, but they do deliver a consistent message about growth in time of debt: real GDP growth is relatively stable around 3 to 4 percent until the ratio of public debt to GDP reaches 90 percent. At that point and beyond, average GDP growth drops sharply to zero or slightly negative.
A necessary condition for a stylized fact is accuracy. We replicate RR and find that coding errors, selective exclusion of available data, and unconventional weighting of summary statistics lead to serious errors that inaccurately represent the relationship between public debt and growth among these 20 advanced economies in the post-war period. Our most basic finding is that when properly calculated, the average real GDP growth rate for countries carrying a public debt-to-GDP ratio of over 90 percent is actually 2.2 percent, not −0.1 percent as RR claims. That is, contrary to RR, average GDP growth at public debt/GDP ratios over 90 percent is not dramatically different than when public debt/GDP ratios are lower.
We additionally refute the RR evidence for an "historical boundary" around public debt/GDP of 90 percent, above which growth is substantively and non-linearly reduced. In fact, there is a major non-linearity in the relationship between public debt and GDP growth, but that non-linearity is between the lowest two public debt/GDP categories, 0-30 percent and 30-60 percent, a range that is not relevant to current policy debate.
For the purposes of this discussion, we follow RR in assuming that causation runs from public debt to GDP growth. RR concludes, "At the very minimum, this would suggest that traditional debt management issues should be at the forefront of public policy concerns" (RR 2010a p. 578). In other work (see, for example, Reinhart and Rogoff (2011) ), Reinhart and Rogoff acknowledge the potential for reverse causality, i.e., that weak economic growth may increase debt by reducing tax revenue and increasing public expenditures. RR 2010a and 2010b, however, make clear that the implied direction of causation runs from public debt to GDP growth.
Publication, Citations, Public Impact, and Policy Relevance
According to Reinhart's and Rogoff's website, 1 the findings reported in the two 2010 papers formed the basis for testimony before the Senate Budget Committee (Reinhart, February 9, 2010 ) and a Financial Times opinion piece "Why We Should Expect Low Growth amid Debt" (Reinhart and Rogoff, January 28, 2010 More significant are RR's data exclusions with three other countries: Australia (1946 -1950 ), New Zealand (1946 -1949 ), and Canada (1946 -1950 . 4 The exclusions for New Zealand are of particular significance. This is because all four of the excluded years were in the highest, 90 percent and above, public debt/GDP category. Real GDP growth rates in those years were 7.7, 11.9, −9.9, and 10.8 percent. After the exclusion of these years, New Zealand contributes only one year to the highest public debt/GDP category, 1951, with a real GDP growth rate of −7.6 percent. The exclusion of the missing years is alone responsible for a reduction of −0.3 percentage points of estimated real GDP growth in the highest public debt/GDP category. Further, RR's unconventional weighting method that we describe below amplifies the effect of the exclusion of years for New Zealand so that it has a very large effect on the RR results.
RR reports 96 country-years in the highest public debt/GDP category. Our corrected analysis finds 110 country-years in the highest, above-90-percent public debt/GDP, category.
The difference is accounted for by the years that RR excluded: 5 years for Australia; 5 years for Canada; and 4 years of New Zealand. With the spreadsheet error discussed below, RR in fact estimated GDP growth in the highest public debt/GDP category with only 71 country-years of data: 25 years of Belgium were dropped in addition to the 14 already 4 All of these cases would contribute observations to the highest public debt/GDP category. In contrast to these exclusions, all of the data for the US, which contributes all of its four observations in the highest public debt/GDP category in these early years, are included. The US series includes the very large GDP decline associated with post-World War II demobilization discussed in detail in Irons and Bivens (2010) . In 1946, the US public debt/GDP ratio was 121.3 percent, and the economy contracted by 10.9 percent. In the 1946-2009 study period, the U.S. had exactly four years, 1946-1949 , with a public debt/GDP ratio above 90 percent. Growth in these years was −10.9, −0.9, 4.4, and −0.5. See Irons and Bivens (2010) for more detailed discussion.
accounted for by the years that RR excluded.
Spreadsheet coding error
A coding error in the RR working spreadsheet entirely excludes five countries, Australia, Austria, Belgium, Canada, and Denmark, from the analysis.
5 The omitted countries are selected alphabetically and, hence, likely randomly with respect to economic relationships.
This spreadsheet error, compounded with other errors, is responsible for a −0.3 percentagepoint error in RR's published average real GDP growth in the highest public debt/GDP category. It also overstates growth in the lowest public debt/GDP category (0 to 30 percent) by +0.1 percentage point and understates growth in the second public debt/GDP category (30 to 60 percent) by −0.2 percentage point.
Unconventional weighting of summary statistics
RR adopts a non-standard weighting methodology for measuring average real GDP growth within their four public debt/GDP categories. After assigning each country-year to one of four public debt/GDP groups, RR calculates the average real GDP growth for each country within the group, that is, a single average value for the country for all the years it appeared in the category. For example, real GDP growth in the UK averaged 2.4 percent per year during the 19 years that the UK appeared in the highest public debt/GDP category while real GDP growth for the US averaged −2.0 percent per year during the 4 years that the US appeared in the highest category. The country averages within each group were then averaged, equally weighted by country, to calculate the average real GDP growth rate within each public debt/GDP grouping.
RR does not indicate or discuss the decision to weight equally by country rather than by country-year. In fact, possible within-country serially correlated relationships could support an argument that not every additional country-year contributes proportionally additional
information. Yet equal weighting of country averages entirely ignores the number of years that a country experienced a high level of public debt relative to GDP. Thus, the existence of serial correlation could mean that, with Greece and the UK, 19 years carrying a public debt/GDP load over 90 percent and averaging 2.9 percent and 2.4 percent GDP growth respectively do not each warrant 19 times the weight as New Zealand's single year at −7.6 percent GDP growth or five times the weight as the US's four years with an average of −2.0 percent GDP growth. But equal weighting by country gives a one-year episode as much weight as nearly two decades in the above 90 percent public debt/GDP range. RR needs to justify this methodology in detail. It otherwise appears arbitrary and unsupportable. (1946 -1950 ), Canada (1946 -1950 ), and New Zealand (1946 -1949 . The RR Spreadsheet
Error column reflects the spreadsheet error that omits all years for Australia, Austria, Belgium, Canada, and Denmark from the analysis. The Weights columns show the alternative weightings to compute average real GDP growth. The Country-Years weights column shows weights proportional to the number of country-years in the highest public debt/GDP category.
The RR weights column shows the equal weighting by country used in RR. The GDP Growth columns show average real GDP growth for each country in the years in which it appeared in the highest debt/GDP category. The Correct GDP Growth column shows the average real GDP growth for all available country-years. The RR GDP Growth column shows the average real GDP growth used in RR with excluded years, spreadsheet errors, and a transcription error.
For example, Canada spent 5 years in the highest public debt/GDP category (4.5 percent of the 110 country-years in this category) and Canada's average real GDP growth during these 5 years was 3.0 percent per year. However the RR spreadsheet error and the RR years exclusion result in Canada not providing any data for the computation of the average for the highest debt/GDP category.
In the case of New Zealand, instead of constituting 5 of 110 country-years at 2.6 percent growth, the country contributes -7.9 percent growth for a full 14.3 percent (one-seventh) of the RR's GDP growth estimate for the above 90 percent public debt/GDP grouping.
6 110 country-years appear in the highest public debt/GDP category with only 10 countries ever appearing in the category. Three of these, Australia, Belgium, and Canada, were excluded from the analysis by spreadsheet error, leaving seven countries in the highest category in RR.
The included countries are Greece (19 years in the highest category with average real GDP growth of 2.9 percent per year); Ireland (7 years with average growth of 2.4 percent); Italy (10 years with average growth of 1.0 percent); Japan (11 years with average growth of 0.7 percent); New Zealand (1 year with average growth of −7.6 percent), the UK (19 years with average growth of 2.4 percent), and the US (4 years with average growth of −2.0 percent).
As we noted above, the exclusion of four years for New Zealand (only a 4.5 percent loss of country-years in the highest public debt/GDP category) has a major effect on the computed average in the highest public debt/GDP category. It reduces the average growth for New Zealand in the highest public debt/GDP category from 2.6 to −7.6 percent per year. The combined effect of excluding the years for New Zealand and equally weighting the countries (rather than weighting by country-years) reduces the measured average real GDP growth in the highest public debt category by a very substantial 1.9 percentage points.
Summary: years, spreadsheet, weighting, and transcription In the over-90-percent public debt/GDP category, however, the effects of the errors are substantial. For example, the impact of the excluded years for New Zealand is greatly amplified when equal country weighting assigns 14.3 percent (1/7) of the weight for the average to the single year in which New Zealand is included in the above-90-percent public debt/GDP group. This one year is when GDP growth in New Zealand was −7.6 percent. The exclusion of years coupled with the country-as opposed to country-year-weighting alone accounts for almost −2 percentage points of under-measured GDP growth. The spreadsheet and transcription errors account for an additional −0.4 percentage point. In total, as we show in Table 3 , actual average real growth in the high public debt category is +2. 3 Non-linearity at the "historical boundary"?
Our revised results also provide an opportunity to re-examine non-linearity in the relationship between public debt and growth. RR asserts, "The nonlinear response of growth to debt as debt grows towards historical boundaries is reminiscent of the 'debt intolerance' phenomenon developed in Reinhart, Rogoff, and Savastano (2003) " (RR 2010a p. 577).
The corrected means within each public debt/GDP category cast doubt on the identification of a nonlinear response that was an important component of RR's findings. We explore the question in several ways. First, we add an additional public debt/GDP category, extending by an additional 30 percentage points of public debt/GDP ratio-that is, we add 90-120 percent and greater-than-120 percent categories. Figure 2 shows the results of the extension. Far from appearing to be a break, average real GDP growth in the category of public debt/GDP between 90 and 120 percent is 2.4 percent, reasonably close to the 3.2 percent GDP growth in the 60-90 percent category. GDP growth in the new category between 120 and 150 percent is lower at 1.6 percent but does not fall off a nonlinear cliff. Equally significant, as Figure 2 shows, variation in real GDP growth within each public debt/GDP category is large.
In Figure 3 , we present a scatterplot of all of the country-years with continuous real GDP growth plotted against public debt/GDP ratio and include a locally fitted regression function. 7 No particular boundary or non-linearity is evident in either dimension around public debt/GDP of 90 percent. The data thin out gradually between 70 and 120 percent as is visible from the points in the scatterplot and the widening 95 percent confidence interval for mean growth. More generally, the wide range of GDP growth at various public debt levels is evident.
Finally, the scatterplot does suggest a non-linearity in the relationship, but that occurs in the change in the public debt/GDP ratio from 0 to 30 percent. This contradicts RR's claim that "it is evident that there is no obvious link between debt and growth until public debt reaches a threshold of 90 percent" (RR 2010a p. 575). Figure 4 , which is a close-up of Figure 3 shows more clearly that average growth declines sharply with public debt/GDP between 0 and 30 percent; at 0 percent debt/GDP, average growth is almost 5 percent and by 30 percent it has declined to slightly more than 3 percent. The relationship between average GDP growth and public debt/GDP is relatively flat over a wide domain of debt/GDP values.
Between public debt/GDP ratios of 38 percent and 117 percent, we cannot reject a null hypothesis that average real GDP growth is 3 percent.
In Table 4 , we present regression analysis of real GDP growth by public debt/GDP category. The first row in both columns confirms significantly and substantively higher growth rates in the lowest 0-30 percent public debt/GDP category relative to other public debt/GDP categories. 8 The results show modest differences among the other categories.
In the first column, average GDP growth in the category of public debt/GDP above 90 percent is lower by about 1 percentage point than GDP growth in the 30-60 percent and 60-90 percent public debt/GDP categories. In the second column, average GDP growth in the category of public debt/GDP above 120 percent is substantially lower than GDP growth in the 30-60 percent and 60-90 percent debt/GDP categories. However, in the second column, which includes the new above-120-percent public debt/GDP category, differences in average GDP growth in the categories 30-60 percent, 60-90 percent, and 90-120 percent cannot be statistically distinguished. An F -test on the hypothesis that, relative to the 30-60 category, the 60-90 difference and the 90-120 differences are both zero cannot be rejected (p-value = 0.11). To summarize, the regression results show that there is a non-linearity in the relationship between GDP growth and public debt between public debt levels of 0 to 30 percent of GDP. The results also indicate that average GDP growth tails off somewhat when the public debt/GDP ratio increases towards 120 percent, but there is no sharp turning point.
Thus, the non-linearity in the relationship between public debt levels and GDP growth is not around a public debt/GDP ratio of 90 percent where RR have identified it. That is, the non-linearity is not in the domain of public debt/GDP values that is currently the focus of policy debate in the US and Europe.
Different results by period
We further explore the historical specificity of the result by examining average real GDP growth by public debt category for subsampled periods of the data. Table 5 presents results for 1950-2009, 1960-2009, 1970-2009, 1980-2009, 1990-2009, and 2000-2009 . We see that These patterns suggest two important conclusions: (1) even the apparent non-linearity between the lowest-debt country-years and higher-debt country-years is an historically specific pattern, not a robust result across the full time period; and (2) the relationship between public debt and GDP growth is weaker in more recent years relative to the earlier years of the sample.
Conclusion
The influence of RR's findings comes from its straightforward, intuitive use of data to construct a stylized fact characterizing the relationship between public debt and GDP growth for a range of national economies. However, this laudable effort at clarity notwithstanding, RR has made significant errors in reaching the conclusion that countries facing public debt to GDP ratios above 90 percent will experience a major decline in GDP growth. 9 The key identified errors in RR, including spreadsheet errors, omission of available data, weighting, and transcription, reduced the measured average GDP growth of countries in the high public debt category. The full extent of those errors transforms the reality of modestly diminished average GDP growth rates for countries carrying high levels of public debt into a false image that high public debt ratios inevitably entail sharp declines in GDP growth. Moreover, as we show, there is a wide range of GDP growth performances at every level of public debt among the 20 advanced economies that RR survey.
RR's incorrect stylized fact has contributed substantially to ensuring that "traditional debt management issues should be at the forefront of public policy concerns" (RR 2010a p. 578). Specifically, RR's findings have served as an intellectual bulwark in support of austerity politics. The fact that RR's findings are wrong should therefore lead us to reassess the austerity agenda itself in both Europe and the United States. Public Debt/GDP Category Real GDP Growth
Notes. As in Figure 1 , the unit of observation in the scatter diagram is country-year with real GDP growth plotted, in this case, against five debt/GDP categories. Average real GDP growth within category are printed and indicated with a filled circle. Source: Authors' calculations from working spreadsheet provided by RR. Public Debt/GDP Ratio Real GDP Growth
Notes. Real GDP growth is plotted against debt/GDP for all country-years. The locally smoothed regression function is estimated with the general additive model with integrated smoothness estimation using the mgcv package in R. The smoothing parameter is selected with the default crossvalidation method. The shaded region indicating the 95 percent confidence interval for mean real GDP growth. Alternative methods, e.g., loess, and smoothing parameters produced substantively similar results. Source: Authors' calculations from working spreadsheet provided by RR. Public Debt/GDP Ratio Real GDP Growth
Notes. Figure 4 is a close-up on a region of Figure 3 . Real GDP growth is plotted against debt/GDP for all country-years. The locally smoothed regression function is estimated with the general additive model with integrated smoothness estimation using the mgcv package in R. The smoothing parameter is selected with the default cross-validation method. The shaded region indicating the 95 percent confidence interval for mean real GDP growth. Alternative methods, e.g., loess, and smoothing parameters produced substantively similar results. As in Figure 3 , all available data were used in producing Figure 4 . Source: Authors' calculations from working spreadsheet provided by RR. (1946 -1950 ), Canada (1946 -1950 ), and New Zealand (1946 -1949 . The Spreadsheet column reflects the spreadsheet error that omits Australia, Austria, Belgium, Canada, and Denmark. The Weights columns show the alternative weightings to compute average real GDP growth. The Year column shows weights proportional to country-years. The RR weight column shows equal weighting of country averages. GDP shows real average GDP growth for each country in the years in which it appeared in the highest debt/GDP category for all available years. The value of -7.9 for New Zealand in parentheses reflects both the exclusion of 1946-1949 and a transcription error of −7.6 to −7.9. Source: Authors' calculations from working spreadsheet provided by RR. Notes. Table entries are average GDP growth differences for each category with standard error in parentheses. Each column represents a regression of real GDP growth by country-year on a set of indicator variables for debt/GDP category by country-year. The first column shows the growth difference associated with the higher debt/GDP categories relative to the 0-30 percent debt/GDP category. The second column shows the growth difference associated with the expanded, five debt/GDP categories relative to the 0-30 percent debt/GDP category. An F -test on the joint hypothesis that the coefficient on 60-90 percent and the coefficient on 90-120 percent are both the same as the coefficient on 30-60 percent in column 2 fails to reject (p-val = 0.11). Source: Authors' calculations from working spreadsheet provided by RR. Source: Authors' calculations from working spreadsheet provided by RR.
